Solving an exponential Diophantine equation
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Introduction. Let k > 1, L > 0, k, L ∈ Z, and let p 1 < · · · < p L be rational primes. We are going to show that if (k, L, p 1 , . . . , p L ) satisfies
then k = 2, L = 2, p 1 = 2 and p 2 = 3. If we look carefully, the equation (1) with k = 2 is a special case of the perfect numbers problem. In this paper, we solve (1) with elementary and analytic methods. The author was motivated by similar problems which appear in [G, Ch. B] .
Preliminaries. We denote by ω(n) the number of different primes which divide n, and by π(n) the number of primes which are at most n.
First note that if (k, L, p 1 , . . . , p L ) solves (1) we have L = 1, because
is a solution of (1) and 2 | k then k = 2, L = 2, p 1 = 2 and p 2 = 3.
Proof. Let k = 2 α r with 2 r. For all p i = 2 we have
which contradicts L = 1. Thus, we have p 1 = 2. Substituting p 1 = 2 in (1) gives
The last equality yields
By (2) and (3),
which gives the solution k = 2, L = 2, p 1 = 2 and p 2 = 3. If L = 3, by (3), k = 2, and if L ≥ 4, by (4), α < L/(L − 2) ≤ 2, thus from now on we assume α = 1.
If L ≥ 10 we proceed as in (3):
Thus, by (2) and (6),
It is sufficient to analyze those pairs which satisfy 2 < L < 10, k − 1 < L, 2 | k and 4 k. These conditions imply k ∈ {2, 6}.
If k = 2 and L > 2 then, as in (5), p 2 = 3 and 2 2 · 3 =
Finaly, if k = 6 we have
Thus, p 2 = 3 and p i 1 = 7. This yields
Hence, there exists 1 ≤ i 2 ≤ L such that p i 2 = 19 and 2 2 | 19 6 −1
19−1 . Consequently, by (7), 2 7 divides the right hand side but not the left hand side of (1), which is impossible.
is a solution of (1) with p prime and k = p α with α > 0 then k = 2, L = 2, p 1 = 2 and p 2 = 3.
Proof. By Proposition 1, if p = 2 then k = 2, L = 2, p 1 = 2 and p 2 = 3.
Since
we conclude that
. If L = 2 we have two possibilities:
Without loss of generality suppose p = p 1 . Then
We know that r i p α =
which is impossible since 2 k. From now on we will assume L > 3; then there are two primes p i 1 , p i 2 which are not p. By the work above, p α |
With this observation, (1) implies
with m ∈ N and p m. Hence,
Thus,
and then α < 1.
This yields α = 0, which contradicts the assumption.
then we have two possibilities:
Let w ∈ N be such that wp j + 1 = p
and thereby
divides the left hand side in (1), and the right hand side is equal to
Moreover, if all p i = q i 0 then α 0 = α i 0 , and if there is j 0 such that p j 0 = q i 0 then α 0 = α i 0 + k − 1. Consequently, we have the inequality
Finally,
Main theorem. We order the prime numbers as P 1 = 2 < P 2 = 3 < P 3 = 5 < · · · .
Proof. Suppose that such a solution does exist. We have the inequality
k < e C 2 (log P L+1 ) 1 + 1 log log P L+1
, where e C = 1.78107 . . . is Euler's constant. By Lemma 1, ω(k) > 1 and thus k ≥ 15 = 3 · 5. Therefore 14 < e C 2 (log P L+1 ) 1 + 1 log log P L+1 so P L+1 > 17, thus 1 + 1 log log P L+1 > 2, which implies (10) 7 < e C 2 log P L+1 < log P L+1 so e 7 < P L+1 .
and Lemma 2 yields L < ω(k)(k + 1). By Table 1 and [R] ( 1 ),
Our next step is to prove the following two claims.
Proof. Define
x + log x log 3 and f (x) = 3 4
Note that x > 4 3 log 3 2 implies f (x) > 0. Thus, if x > 4 > 4 3 log 3 2 we have f (x) > f (4) > 0, and hence f (x) > f (4) > 0.
( 1 ) For all x ≥ 55 prime, [R] gives the inequality x 2+log x ≤ π(x); for x < 55 prime, this follows from Table 1 .
Claim 2. If x > e 6 then x 2 > 8(1 + log x) 5 . Proof. Let f : R + → R, f (x) = x 2 − 8(1 + log x) 5 .
Then
f (x) = 2x − 40 (1 + log x) 4 x and f (x) = 2 − 40(1 + log x) 3 (3 − log x) x 2 .
Note that if x > e 3 then f (x) > 2. Hence, if x > e 6 then f (x) > f (e 6 ) > 0, and so f (x) > f (e 6 ) > 0.
Now we return to the proof of our theorem. Since P L+1 > e 7 , Claim 1 and the inequalities (9), (11) give us P L+1 2 + log P L+1 < (k + 1) log k log 3 + 1 < k 3/2 and k 3/2 < e C 2 (log P L+1 ) 1 + 1 log log P L+1
3/2
< (e C log P L+1 ) 3/2 .
In particular P 2 L+1 < (2 + log P L+1 ) 2 (e C log P L+1 ) 3 < e 3C (1 + log P L+1 )
5
< 8(1 + log P L+1 ) 5 .
But this contradicts Claim 2, showing there is no such solution. 
